
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES 1

Algorithm for Resonator Parameter Extraction
From Symmetrical and Asymmetrical

Transmission Responses
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Abstract— We describe an algorithm capable of extracting
the unloaded quality factor and the resonant frequency of
microwave resonators from vector S-parameters. Both symmetri-
cal (Lorentzian) and asymmetrical (Fano) transmission responses
are supported. The algorithm performs an adaptive outlier
removal to discard measurement points affected by noise or
distortion. It removes the effects caused by imperfections in the
device (such as modes with close resonance frequencies or stray
coupling between the resonator ports) or the experimental setup
(such as lack of isolation or dispersion in the test set and cables).
We present an extensive assessment of the algorithm performance
based on a numerical perturbation analysis and the evaluation
of S-parameter fitting results obtained from network analyzer
measurements and resonator equivalent circuits. Our results
suggest that uncertainty is mainly caused by factors that distort
the frequency dependence of the S-parameters, such as cabling
and coupling networks, and is highly dependent on the device
measured. Our perturbation analysis shows improved results with
respect to those of previous publications. Our source code is
written in Python using open-source packages and is publicly
available under a freeware license.

Index Terms— Microwave resonators, quality factor, resonant
frequency.

I. INTRODUCTION

ACCURATE determination of the quality factor and
resonant frequency in microwave resonators is key

in many applications, such as measurement of material
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properties, design of microwave filters, and fundamental
physics experiments.

Resonators are known to be the most sensitive devices to
measure permittivity, permeability, and surface impedance of
low-loss materials [1]–[4]. While there are many techniques
and resonator designs, all of them rely on measuring the
resonator quality factor (Q0) and resonant frequency ( f 0)
to obtain the complex permittivity, permeability, or surface
impedance.

Resonators are also the main building blocks of many
communication devices at microwave frequencies, such as
filters, diplexers, and multiplexers. These are typically band-
pass devices whose center frequency, passband flatness, and
frequency selectivity depend strongly on their resonator’s
quality factors and resonant frequencies [5].

Many fundamental physics applications are also based on
resonators. In many cases, large quality factors are needed
to achieve strong radio frequency (RF) fields [6]. In other
applications, such as axion and WISP dark matter searches [7],
resonators are used for detection, and high quality factors are
required to enhance weak RF fields produced by subatomic
particles.

Since the use of microwave resonators extends beyond
the microwave engineering community, there is a need for
nonexperts in the field to extract quality factors and resonant
frequency from microwave measurements typically made with
a vector network analyzer (VNA). We have developed an
open-source, web-executable [8] Python [9] code to fulfill
this need and promote the use of microwave resonators
outside the engineering community. The web-based appli-
cation, capable of remote execution of the code, will also
prevent the frequent and unnecessary duplication of codes
written by an occasional need for this functionality but
made without taking into account the vast previous work
in this topic.

Our procedure combines several existing techniques based
on the transmission method [10]–[15] in a single algorithm,
to which we have added the following features:

1) outlier removal, which makes the fitted results largely
independent of distortion in the frequency response
caused by imperfections in the measurement device and
setup;

2) ability to fit Lorentzian (symmetrical) and Fano (asym-
metrical) responses.
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Fig. 1. Symmetrical and asymmetrical transmission response in dielectric
resonator modes TE012 and TE013.

3) compensation of the effects produced by an uneven
distribution of measurement points along with the res-
onance circles in the complex plane resulting from the
VNA’s linear frequency sweep [12], [14].

II. FITTING PROCEDURE

A. Initial Detection of Resonance—Frequency Sweep
Requirements

The algorithm is designed to extract loaded quality factor
(QL) and resonant frequency ( f0) from S-parameter data
containing a maximum in the transmission response |S21( f )|,
which may be adjacent to a minimum (see Fig. 1). Sym-
metrical resonance responses with a single maximum follow
a Lorentzian curve, whereas asymmetrical ones, including
those with adjacent minima, follow a Fano profile. Identifying
resonances in a VNA involves locating local maxima and
minima in |S21( f )|.

To analyze symmetrical responses, the VNA frequency
sweep should be centered at the position of the maximum of
|S21( f )|, include at least 20 points within the 3-dB bandwidth,
and cover a span of ten times the 3-dB bandwidth with at least
201 points. These settings will produce a S21( f ) trace like the
one in Fig. 2 in the VNA polar plot. In a Fano response,
the trace should be identical but shifted with respect to the
origin of the complex plane [14]. Adjusting the VNA sweep
parameters according to the polar plot for Fano responses
requires setting the center frequency at the point of the trace
with a minimum density of points, placing at least 20 points
covering a 180◦ arc about the center frequency and setting a
sweep with a frequency span ten times the bandwidth required
to cover the 180◦ arc above. The number of points in the
frequency sweep should be at least 201.

While other settings may also prove adequate, our uncer-
tainty analysis has been performed with the settings described
above.

Note that these requirements set the maximum QL given the
instrument’s specifications. The minimum frequency step � f
attainable by the VNA should be smaller than one-twentieth

Fig. 2. Distribution of S21 measurement points in the complex plane.
The linear frequency sweep contains 201 points, is centered at the resonant
frequency, and has a span equal to ten times the 3-dB bandwidth. Note that
the density of points is maximum at the edges of the trace.

of the 3-dB bandwidth. This condition can be rewritten as
� f

f
<

1

20·QL
. (1)

A conservative estimate for maximum QL would be to
use the VNA absolute frequency accuracy on the left-hand
side of (1). A benchtop instrument with standard options
has accuracies on the order of 10−6 due to temperature
stability and aging per year, corresponding to maximum QL

on the order of 107. These values can be improved by using
high-precision frequency options available in most VNAs or
using external frequency references.

B. Linear Phase Shift Removal

The algorithm starts by performing a phase unwrapping pro-
cedure to remove discontinuities in the S-parameter’s phases.
Next, their linear phase dependence [13], [14] is removed by
performing a linear regression on two frequency segments,
each one covering 10% of the frequency span indicated in the
paragraphs above, located at the upper and lower extremes of
the span.

C. Coarse Crosstalk Removal

Asymmetries in the transmission response are often due to
stray coupling between resonator ports. This results in an offset
of the position of the S21 trace with respect to the origin of the
complex plane. Recovering the asymmetry of the transmission
response can be done by repositioning the trace in the complex
plane to its theoretical position [14]. A simplified, approximate
method consists of shifting the trace leaving the origin at the
midpoint between its two ends, that is

S′
i = Si − S1 + Sn

2
(2)

where Si = S21( fi ) are the values of S21 measured at discrete
frequencies fi (i = 1, . . . , n) and S′

i are their corresponding
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repositioned values. As will be discussed in the following,
the small residual crosstalk effects left in S′

i do not degrade
the fit used to obtain QL and f0.

D. Transmission Response—Fitting Basics

To fit the data, the algorithm makes an initial coarse estimate
of f0 by assuming that it is the frequency fi for which

∣∣S′
i

∣∣
is maximum. Then, the set S′

i is fitted using the following
equation:

S′
i = K

1 + 2 j QL(δi − δe)
+ G (3)

where K is a complex fitting parameter (the value of S21 at
resonance in the absence of crosstalk), G is a complex fitting
parameter that takes into account residual crosstalk, QL is a
real fitting parameter (the resonator’s loaded Q), and δi is
calculated from f0, fi

δi = 1

2

(
fi

f0
− f0

fi

)
. (4)

Note that substituting f0 by f0 + � f in (4) with � f � f0

decreases δi by a term δe = � f / f0; thus, δe in (3) is a fitting
parameter that can be related to tolerances in the estimated
resonant frequency.

Equation (3) is derived from circuit analysis of a lumped-
element resonator [11], [14], [16]–[18]. It can be rewritten as

F + 2 j QL Gδi − 2 j QL S′
i (δi − δe) = S′

i (5)

where F = K + G −2 j QL Gδe is a complex fitting parameter.
Equation (5) can be split into its real and imaginary parts

FRE − 2QL GIMδi − 2QLδeIm
[
S′

i

] + 2QL Im
[
S′

i

]
δi = Re

[
S′

i

]
FIM + 2QL GREδi + 2QLδeRe

[
S′

i

] − 2QL Re
[
S′

i

]
δi = Im

[
S′

i

]
(6)

and be written as a system of linear equations⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 − 2δ1 0 − 2 Im
[
S′

1

]
2Im

[
S′

1

]
δ1

1 0 − 2δ2 0 − 2 Im
[
S′

2

]
2Im

[
S′

2

]
δ2

...
...

...
...

...
...

1 0 − 2δn 0 − 2 Im
[
S′

n

]
2Im

[
S′

n

]
δn

0 1 0 2δ1 2Re
[
S′

1

] − 2Re
[
S′

1

]
δ1

0 1 0 2δ2 2Re
[
S′

2

] − 2Re
[
S′

2

]
δ2

...
...

...
...

...
...

0 1 0 2δn − 2Re
[
S′

n

] − 2Re
[
S′

n

]
δn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A

⎡
⎢⎢⎢⎢⎢⎢⎣

FRe

FIm

QL GIM

QL GRE

QLδe

QL

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
x̄

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Re
[
S′

1

]
Re

[
S′

2

]
...

Re
[
S′

n

]
Im

[
S′

1

]
Im

[
S′

2

]
...

Im
[
S′

n

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
b̄

. (7)

Here, FRe = Re[F], FIm = Im[F], GRe = Re[G], and
GIm = Im[G]. Equation (7) is an overdetermined system
of equations having six real unknowns and twice as many
equations as frequency points in the measurement set (2n).
It can be posed in matrix form as Ax̄ � b̄, being A a 2n × 6
matrix and x̄ and b̄ column vectors of 6 and 2n components,
respectively. The values of the six unknowns in x̄ that mini-
mizes the least-squares error between the left- and right-hand
sides of (7) can be readily found by transforming it into the
normal system of equations AT Ax̄ = AT b̄, which has six
equations and six unknowns [19]. However, instead of solving
the normal equations using standard routines, we solve the
overdetermined system in (7) using the Moore–Penrose inverse
routines, which are better suited to perform the least-squares
approximation [19]. Note that, once the least-squares fit in
(7) is performed, we obtain the loaded quality factor QL

and an update of the resonant frequency estimation f ′
0 =

f0(1 + δe). This noniterative procedure improves on previous
works [20], [21] that do a similar complex fit but based on
iterative methods (Levenberg–Marquardt) that require an ini-
tial guess and may fail to give a correct result if they converge
on a local minimum of the error function. In our procedure,
iteration is reserved for the outlier removal described in the
following.

E. Weights and Outlier Removal

Fig. 2 shows a typical distribution of S21 measurement
points along a resonance circle in the complex plane. The
linear frequency sweep produced by most network analyzers
results in a distribution of points whose density is minimum at
resonance and maximum at the edges of the trace, close to the
origin of the complex plane. Any least-squares algorithm will
tend to prioritize the edges close to the origin, which, in turn,
are the parts of the trace with the worst signal-to-noise ratio
and most vulnerable to be distorted due to imperfections in the
device and measurement setup. To illustrate this, Fig. 3 shows
an example of an experimentally determined S21 trace showing
distortion at the tails of the trace. This type of distortion
can arise by multiple causes: among others, nearby resonant
modes, frequency-dependent crosstalk, frequency-dependent
loss, or dispersion in the test set and cables between the
VNA and the resonator. It is apparent from this figure that
distortion, combined with the inhomogeneous distribution of
measurement points, will lead to erroneous results to any
least-squares fitting software.

Applying weights to (7) is an effective solution to reduce
the influence of the trace edges on the overall fitting error.
One simple solution is to multiply the first n equations by
Re[S′

21] and the following ones by Im[S′
21]. This gives good

results with S21 traces having little or no distortion. However,
for traces with significant distortion, such as the one in Fig. 3,
removal of the outlier points is needed.

Our algorithm performs an adaptive outlier removal. Once
the weighted least-squares fit on S′

i is performed, the algorithm
computes the fitting error as follows:

∈i=
∣∣∣∣∣

1

(S′
i − G)

−
(

K

1 + 2 j QL(δi − δe)

)−1
∣∣∣∣∣ (8)
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Fig. 3. S21 distribution in the complex plane obtained from an uncalibrated
measurement of a 27-GHz dielectric resonator processed with the automatic
outlier removal procedure (Th = 10). Red triangles: points rejected; green
circles: points used in the fit; and blue trace: fitted response. For a better
view, only every fifth point is displayed. The inset at the bottom right corner
corresponds to |S21( f )|. If no points are removed, resulting Q0 diverges by
19% because the least-squares algorithm is affected by the distorted portion
of the trace.

which tends to magnify errors at frequencies further away from
resonance and, thus, more prompt to be affected by distortion.
The point with the highest error ∈max is identified, and its error
is compared to a threshold

∈max<
1

Th
· 1

|K | (9)

where K is the fitting parameter appearing in (3) and Th is
a threshold scaling parameter. If the condition posed in (9)
is not satisfied, the corresponding measurement point with
the highest fitting error is removed from the data set, and
the least-squares fit is recalculated. This recursive process is
iteratively repeated until (9) is finally satisfied. Note that both
QL and f0 are recursively updated in the outlier removal
process. Fig. 3 shows how effective this procedure is in
removing distorted points from both ends of the S21 trace and
fitting to the undistorted portion of the trace.

Fixing the value of Th is a compromise between sensitiv-
ity to noise and sensitivity to distortion. On the one hand,
the larger the Th, the more the data will be removed, and the
fitting will be unaffected by large distortion in the trace tails.
On the other hand, by using a few data points in the least-
squares fit (7), the results will be more sensitive to noise in
S21. We performed an extensive study taking into account this
compromise and have set Th = 10 as a good value for this
parameter.

F. Reflection Response

The reflection response is used to calculate the input
and output coupling factors (β1, β2) needed to determine
the unloaded quality factor (Q0) from the loaded one (QL)
through Q0 = (

1 + β1 + β2
)
QL .

The coupling factors can be calculated from the magnitudes
of S11 and S22 at resonance (|S11_0|, |S22_0|) [4]

β1 = 1 − ∣∣S11_0

∣∣∣∣S11_0

∣∣ + ∣∣S22_0

∣∣ , β2 = 1 − ∣∣S22_0

∣∣∣∣S11_0

∣∣ + ∣∣S22_0

∣∣ . (10)

To accurately calculate |S11_0|, |S22_0| taking into account
the loss between the calibration plane and the resonator,
the algorithm performs geometric least-squares circle fits of
S11( f ) and S22( f ) close to resonance and determines their
complex centers C11, C22 and radii r11, r22 [20]

⎡
⎢⎢⎢⎣

Re[Smm]1 Im[Smm ]1 1
Re[Smm]2 Im[Smm ]2 1

...
...

...
Re[Smm]n Im[Smm]n 1

⎤
⎥⎥⎥⎦

⎡
⎣ a1

a2

a3

⎤
⎦ ≈

⎡
⎢⎢⎢⎣

−|Smm |21
−|Smm |22

...

−|Smm |2n

⎤
⎥⎥⎥⎦ (11)

Cmm =
(
−a1

2
,−a2

2

)
, rmm =

√
1

4

(
a2

1 + a2
2

) − a3 (12)

where the index is either m = 1 or 2, and a1, a2, and a3

are the fitting parameters to be found using the pseudoinverse
technique to minimize the least-squares error in (11). Since,
in the absence of loss, these circles should be tangent to
the unit circle [11], [21], the input and output return loss
at resonance are, respectively, |C11 + r11 · C11/|C11||−1 and
|C22 + r22 · C22/|C22||−1. The minima in |S11( f )| and |S22( f )|
correcting for this loss are

|S11_0| =
∣∣∣∣C11 − r11 · C11/|C11|
C11 + r11 · C11/|C11|

∣∣∣∣ = ||C11| − r11|
|C11| + r11

(13)

|S22_0| = ||C22| − r22|
|C22| + r22

. (14)

Note that, by using (13) and (14), the loss is evaluated at
the resonant frequency, and the algorithm removes the effect of
any frequency-dependent loss between the calibration planes
and the resonator ports. Similar to (7), the least-squares fit
of the resonance circles in (11) is done using Moore–Penrose
inverse routines [20]. Only the points for which |QLδi | ≤
1/2 are used for the fitting. This covers half the perimeter
of the resonance circle and, at the same time, avoids using
off-resonance measurement points in the circle fit. Fig. 4 shows
an example of this type of fit.

Nevertheless, at very low coupling (|S21| maximum
below −50 dB), the resonance circles in S11( f ) and S22( f ) are
very small, and the geometric least-squares circle fit does not
work properly. In this case, the accuracy in the determination
of coupling factors has no practical effect. However, instead
of neglecting the coupling coefficients completely, we apply
(10): |S11_0| and |S22_0| are taken from the values of S11

and S22 corresponding to the frequency at which
∣∣S′

21

∣∣ is
maximum and compensated for losses (such as those generated
by transmission lines between the calibration plane and the
resonator), which are estimated from the off-resonance values
of |S11| and |S22| (which should be 0 dB in absence of loss).

To estimate the off-resonance values of |S11| and |S22|,
the algorithm averages its values in the 10% upper and lower
fractions of the frequency span (as in Section II-B).
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Fig. 4. Distribution of input and output reflection coefficient in the complex
plane. Green points: measured data within 3-dB bandwidth. Solid lines:
least-squares circle fits. Red points: fitted circle centers.

III. ALGORITHM PERFORMANCE ASSESSMENT

Two types of performance assessment have been carried
out. On the one hand, an experimental assessment verifies
the consistency of the algorithm results obtained from mea-
surements performed under a variety of conditions. On the
other hand, a simulated assessment verifies the algorithm
with S-parameter files obtained from circuit analysis whose
couplings, and quality factors and resonant frequencies are
known and can be compared against the algorithm’s results.

To assess the algorithm’s performance with symmetrical
transmission responses, we have used a two-port, iris-
coupled WR-340 waveguide resonator. The resonator has a
196-mm-long waveguide with two 25-mm circular irises at
both ends and a waveguide to coaxial transitions. By using the
first four modes (TE10p, p = 1, . . . , 4), we obtain coupling
values ranging from 0.009 to 0.64 (see Table I). To measure
the resonator, we used a Rohde-Schwarz ZNA26 network
analyzer having GORE VNA cables (FB0HA0HB0250;
typical stability: 0.01 dB and 2.0◦; maximum: 0.08 dB and
3.9◦) with a coaxial calibration using the electronic calibration
module of the unit. Torque wrenches were used to fasten the
connectors. A GPS-disciplined 10-MHz external frequency
reference providing 0.01-ppm frequency accuracy was used.
A single, 16 001-point calibration was performed to cover the
four modes. When measuring a specific mode, we reduced the
number of points to 201 and changed the rest of the frequency
sweep parameters to match those described in Section II-A.

A. Uncertainty in Equivalent Circuit Fitting and VNA
Calibration—Waveguide Resonator

An equivalent circuit (see Fig. 5) was derived for each mode
of the WR-340 waveguide resonator using f0, Q0, β1, and
β2 extracted from calibrated measurements with 100-Hz IF
bandwidth. The values of the resistance (R), inductance(L),
capacitance (C), and admittances’ transformation constants J1

and J2 for the equivalent circuit were found using standard

TABLE I

RESONATOR PARAMETERS. ESTIMATED UNCERTAINTIES DUE TO
CALIBRATION AND EQUIVALENT CIRCUIT FITTING

Fig. 5. Equivalent circuit of a two-port resonator.

resonator formulas for f0 and Q0 and the equation that
relates coupling values with the admittance transformation
constant: Ji = √

βi/(Z0 R). The resulting equivalent circuits
were analyzed using the commercial software (ADS) [22], and
S-parameters were produced to test ability of our code to fit
data not subject to noise or distortion.

Table I summarizes the results. It lists, for the four modes,
the resonator parameters obtained from VNA measurements
at 100-Hz IF bandwidth (see VNA subscripts in table). It also
shows the relative differences between the resonator parame-
ters extracted from the equivalent circuit S-parameters and
those corresponding to the component values in the circuit
(see EQ subscripts in the table). The third type of relative
difference shown in Table I corresponds to the difference
between resonator parameters obtained from calibrated VNA
data and those obtained without calibration (see CA subscripts
in table). Finally, the factor 1/(10QL) is also listed in Table I
for comparison with the relative differences in f0.

B. Uncertainty due to Noise—Waveguide Resonator

To assess the uncertainty due to instrument noise, we per-
formed VNA measurements at IF bandwidths ranging from
100 Hz to 1 MHz. Once all four modes were measured, one
of the cables was disconnected from the resonator to isolate
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Fig. 6. Absolute relative frequency differences taking the 100-Hz IF
bandwidth results as reference values.

the two ports of the analyzer. In these conditions, the noise
floor (NF) of the analyzer was estimated by averaging the
noise variance (σ) in the 201 points of the frequency sweep
and converting it to dB (NF = 20 log σ). We have checked
that, as expected, the noise floor decreases by 10 dB for
every tenfold reduction in the IF bandwidth, and the resonance
peak in the mode with the weakest coupling (TE101) was
30 dB above the noise floor for a 1-MHz IF bandwidth.
Since the IF bandwidth can be reduced in several orders of
magnitude without practical consequences, it is possible to
measure resonators with much weaker coupling than the TE101

mode.
Figs. 6 and 7 show the relative differences for f0 and Q0

with respect to their reference values obtained from VNA
S-parameters at 100-Hz IF bandwidth. Overall, the uncertainty
due to instrument noise is lower than that caused by other
factors in the extreme case of 1-MHz IF bandwidth; the
relative differences are 9 · 10−6 for f0 and 2.7% for Q0 in
the TE101 mode. Note that, in normal practice, IF bandwidths
are at most 10 kHz, and the relative differences are much
smaller.

C. Uncertainty due to Equipment—Waveguide Resonator

We have compared the measurements above with another
set of measurements made with a Keysight PNA-X VNA. The
waveguide resonator was placed within reach of both analyzers
and not moved during the tests. This second set of measure-
ments was made with 1-m-long UNIRTest-W27 cables having
0.05 dB and ±4.5◦ mechanical stability at 40 GHz. Calibration
and measurement followed the procedures described above.
Table II shows the relative difference for f0 and Q0 obtained
with the two VNAs at 100-Hz IF bandwidth.

D. Least-Squares Fit—Waveguide Resonator

As discussed in Section II-D, the least-squares fit in (7) can
be done using the Moore–Penrose inverse or by solving the

Fig. 7. Absolute relative unloaded quality factor differences taking the 100-
Hz IF bandwidth results as reference values.

TABLE II

RELATIVE DIFFERENCES BETWEEN MEASUREMENT SETUPS

normal equations. The Moore–Penrose inverse is generally rec-
ommended over the normal equations because of lower matrix
condition numbers in the matrix computations [19]. We have
evaluated both alternatives using the measured S-parameter
data of the four modes at 100-Hz IF bandwidth. The maximum
relative differences between the two methods in the four modes
are 2.4 ·10−15 for Q0 and below 1 ·10−15 for f0. These values
are much smaller than those of the preceding subsections and
indicate that matrix computation uncertainties are negligible.

E. Fitting Fano Responses—Rutile Dielectric Resonator

To test the algorithm against Fano responses, we have
compared different modes in a rutile dielectric resonator [23].
In this cavity, the TE012 mode is Lorentzian, and the TE013

follows a Fano distribution (see Fig. 1). The unloaded quality
factor in the resonator depends on the surface resistance of
the metal endplates (RS1 and RS2), lateral walls (RL), and
dielectric loss (p · tanδ) through the following equation [12]:

1

Q0
= RS1 + RS2

GS
+ RL

GL
+ p · tanδ (15)

where GS, GL , and p are geometric factors that can be
calculated from the field distribution [4]. We have measured
the quality factors of the resonator at both modes using
a round-robin combination of cooper and beryllium cooper
endplates. Using the procedure described in [23], we have
determined RS1, RS2, RL , and p · tanδ for the TE012 mode
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KRKOTIĆ et al.: ALGORITHM FOR RESONATOR PARAMETER EXTRACTION 7

TABLE III

RELATIVE DIFFERENCE IN THE UNLOADED QUALITY FACTOR FOR
COMBINATIONS OF COPPER (CU) AND COPPER–BERYLLIUM (CUBE)

Fig. 8. Postprocessed Fano S21 distribution in the complex plane obtained
from the multimode dielectric resonator. Shift with respect to the origin of the
complex plane is indicated by showing the original measurement data. The
inset at the center corresponds to |S′

21( f )|.

and p · tanδ for the TE013 mode. Then, we have predicted
Q0 for the TE013 mode assuming that surface resistance
scales with the square root of frequency. Table III shows
the relative differences in Q0 for the various combinations
of metal endplates. By comparison, the relative difference
obtained when calculating QL in the TE013 mode in Fig. 1
with our algorithm and the 3-dB method is 3.5%, about an
order of magnitude larger than those in Table III.

Fig. 8 shows the output from our code, showing that the
simple shift performed in (2) converts 
S21� from a Fano
distribution (see Fig. 1) to a quasi-Lorentzian one (see the
inset in Fig. 8).

F. Simulated Assessment

For the simulated assessment, we used the commercial
software ADS [22] to fit equivalent circuits (see Fig. 9)
to S-parameter data from four different measurements (see
Figs. 10–13) taken on different resonators and different sam-
ples representing extreme situations that would make fitting
difficult, such as low quality factor or asymmetry in the
transmission response (|S21( f )|). Details of the datasets are
given as follows.

1) Set 1 [Large Q(Q0 = 64110)]: Low-moderate coupling:
(β1 ≈ 0.05, β2 ≈ 0.1, and max |S21( f )| = −21.1
dB). Slope in the off-resonance |S11( f )|. Transmission
response |S21( f )| symmetrical with respect to the
maximum. Large frequency span of 73 times the 3-dB

Fig. 9. Equivalent circuit used for verification. It includes transmission lines
and a feedthrough inductor to simulate stray coupling between resonator ports
in sets 3 and 4. In these sets, the transmission response was asymmetrical with
the lower frequencies having higher transmission coefficients. A feedthrough
capacitor would have been used instead of the inductor for the opposite type
of asymmetry.

bandwidth. Fitting challenge: only a few points are in
the 3-dB bandwidth region.

2) Set 2 [Very Large Q(Q0 = 204368)]: High asymmetric
coupling: (β1 = 0.85, β2 = 0.48, and max|S21( f )| =
−7.9 dB). No off-resonance slope in |S11( f )| or
|S22( f )|. Transmission response |S21( f )| symmetrical
with respect to the maximum. The regular span of
10 times the 3 dB bandwidth. Fitting challenge: the
coupling is very asymmetric and considered as high
(β1 close to 1), which usually leads to high uncertainty
in Q0.

3) Set 3 [Low Q(Q0 = 2635)]: Low, asymmetric
coupling: (β1 ≈ 0.002, β2 < 0.001, and max|S21( f )| =
−55.0 dB). Off-resonance slope in |S11( f )| and
|S22( f )|. Asymmetry in |S21( f )|. The regular span
of ten times the 3-dB bandwidth. Fitting challenge:
low coupling and low quality factor result in high
measurement noise.

4) Set 4 [Very Low Q(Q0 = 475)]: Low, symmetric
coupling: (β1, β2 ≈ 0.02 and max|S21( f )| = −34.4 dB).
Off-resonance slope in |S11( f )| and |S22( f )|.
Asymmetry in |S21( f )|. The regular span of ten times
the 3-dB bandwidth. Fitting challenge: off-resonance
slope in |S11( f )| and |S22( f )| generates inaccuracy in
the calculation of coupling coefficients.

Each of the data sets above was fitted to two different
equivalent circuits: one following Fig. 9, which included trans-
mission lines between the S-parameter ports and the resonator,
and another version not including these lines. This was done
to test the effect of transmission lines on the algorithm’s fitting
accuracy [14].

The S-parameters of equivalent circuits were obtained
through circuit analysis and then perturbed to simulate the
VNA noise. To realistically assess the VNA noise, we assumed
that it behaves as bandpass Gaussian noise [24], [25].
In this type of noise, the variance in the real and imag-
inary part is equal to the overall variance in the noise
envelope. Accordingly, the standard deviation used in the
statistical analysis is related to the VNA noise floor (NF)
through

σ = 10NF(dB)/20. (16)
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Fig. 10. Magnitude of measured S-parameters of Set 1.

Fig. 11. Magnitude of measured S-parameters of Set 2.

The real and imaginary parts of the S-parameter
data obtained from circuit analysis were perturbed at
each frequency point by adding random Gaussian noise
whose variance is adjusted to a specific NF ranging from
−100 to −60 dB. For the statistical analyses, this process is
done 20 times per each value of NF assessed, so each unper-
turbed S-parameter file produces 20 perturbed files per each
value of instrument noise floor. The perturbed S-parameter
files are then fed to the fitting algorithm, and the resulting
values of Q0 and f0 are compared against the nominal values
from the equivalent circuit. Every point in Figs. 14 and 15 is
calculated by averaging the resulting 20 absolute relative
differences with respect to the nominal value.

Fig. 14 shows the relative uncertainty in Q0 for set 1 versus
simulated VNA noise floor. The effect of the transmission lines
is to set a residual uncertainty (close to 0.4%) that cannot
be removed regardless of the efforts made to reduce noise
(by reducing IF bandwidth, increasing the number of points
in the trace, or averaging over several sweeps). Fig. 14 also

Fig. 12. Magnitude of measured S-parameters of Set 3.

Fig. 13. Magnitude of measured S-parameters of Set 4.

shows that there is a threshold in VNA noise that produces
a large uncertainty increase (about −70 dB in this specific
case). The figure also shows that the number of points in the
frequency sweep affects the noise threshold but not the residual
uncertainty produced by the transmission lines.

Fig. 15 compares the uncertainties in the four datasets
produced by the equivalent circuits with transmission lines.
The figure shows that, in the absence of other sources
of uncertainty, it is possible to achieve uncertainties of
a fraction of 1% if the VNA noise is made sufficiently
small. Note that hand-held VNAs have noise floors close
to −73 dB at 1-kHz IF bandwidth, which can be reduced
at the expense of longer sweep times, so reaching the
low-noise asymptotic uncertainty values in Fig. 14 is achiev-
able in most modern VNAs. Fig. 15 also shows the
threshold VNA noise for which the algorithm fails for
the various data sets. High |S21( f )| peaks favor large
thresholds.

These results seem to compare favorably with those of
other publications. For a resonator having Q0 = 10000
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KRKOTIĆ et al.: ALGORITHM FOR RESONATOR PARAMETER EXTRACTION 9

Fig. 14. Relative uncertainty as a function of simulated VNA noise floor in
data set 1. TL (inset) refers to the inclusion of 1.5-m transmission lines in the
equivalent circuit used to produce the S-parameter files. The values 201 and
1601 indicate the number of points in the frequency span.

Fig. 15. Relative uncertainty with 1601 points per trace as a function of
simulated VNA noise floor for the four sets. The vertical scale has been
chosen to show only uncertainties below 2.5%.

under noiseless conditions, Leong and Mazierska [14] report
a relative difference of 3.3% when 30 wavelength-long trans-
mission lines are included between the calibration plane and
the resonator (β1 = β2 = 0.08). These uncertainties should
be compared to those in Figs. 10 and 11 for NF = −100 dB,
which are obtained under more unfavorable conditions (includ-
ing 65 wavelength-long cables). When an uncertainty noise
radius of 0.001 is added to the S-parameters in [14], a 0.6%
uncertainty is obtained under moderate coupling (β1 = β2 =
0.08), 401 tracepoints, and no transmission lines between the
device and the calibration plane, which is similar to the two
lower traces in Fig. 14 for the corresponding value of noise
floor (NF = −60 dB). These results also compare well with
respect to those reported in [18], where including a ∼1-m
cable between the resonator and the calibration plane results
in a 7% difference in Q0.

We have also performed an extensive study on the relative
uncertainty in resonance frequency f0. We have found that Q0

is more sensitive to VNA noise than f0. Accordingly, once
below the noise thresholds indicated in Figs. 14 and 15, the
relative uncertainty in f0 has very little sensitivity to noise.
Below the noise threshold for Q0, the order of magnitude
of � f 0/ f0 is about 1/(10QL) regardless of whether we use
201 or 1601 points in the frequency sweep. This is consistent
with the data shown in Tables I and II.

IV. CONCLUSION

We have developed an algorithm capable of fitting
Lorentzian (symmetrical) and Fano (asymmetrical) responses.

The algorithm can be implemented in a highly automated
code, capable of remote web execution, where only a load of
the S-parameter file generated by the VNA is needed. This
enables its use for nonspecialists in microwave measurements
and favors the fair comparison of results obtained at different
institutions on similar devices. A key technical feature of
the algorithm that enables its use for nonspecialists is the
possibility of achieving good fits without the need of manually
removing some of the points in the measurement set. This
is achieved through an automatic outlier removal process and
compensation of the effects produced by an uneven distribution
of measurement points along with the resonance circles in
the complex plane resulting from the VNA’s linear frequency
sweep.

The algorithm has proven capable of fitting resonator para-
meters produced by an ideal equivalent circuit (see Fig. 9)
with negligible differences with respect to the nominal circuit
values.

Uncertainties seem to be dominated by distortion, that
is, S-parameters not conforming to the ideal ones resulting
from the equivalent circuit. Effects of cabling, connectors,
calibration, and frequency dependence in coupling networks
dominate over those produced by noise in current VNAs using
standard IF bandwidths (kHz).

Accordingly, error bounds are hard to generalize since
they depend on the specifics of the resonator. In a WR-
340 waveguide resonator, disabling calibration or substitut-
ing the VNA and cabling causes relative differences in
Q0 close to 1% in most cases (max 2.7%) and close to
1/(10QL) for f0.

The numerical perturbation analysis provides a
qualitative confirmation of the conclusions above.
It shows that, below a noise threshold, the uncertainty
remains constant and independent of the VNA noise.
This residual uncertainty increases when transmission
lines are included between the calibration plane and the
resonator.

The results of the numerical perturbation analysis in our
algorithm compare favorably with comparable numerical stud-
ies in other published works.

Finally, there is no indication of significant uncertainty
from numerical matrix computations. The absolute rela-
tive differences in results obtained with the Moore–Penrose
inverse and those obtained with normal equations are
much smaller than those generated by other sources of
uncertainty.
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