ACDIV-2017-01
January 2017

Analytical derivatives of the orbit response matrix and dispersion for
LOCO fit

Z.. Marti, G. Benedetti, U. Iriso

Abstract

This internal report presents the formulas for the response matrix and dispersion derivatives
with respect to the quadrupole strengths. The formulas are valid for the thick quadrupole case.
The formulas hold only in the constant momentum case, the discrepancies with the constant
path case are assessed for the ALBA lattice. These formulas make the LOCO analysis several

times fastet.

Accelerator Division
Alba Synchrotron Light Source
¢/ de la Llum, 2-26
08290 Cerdanyola del Valles, Spain




Accelerator Division

ALBA Project Document No: EDMS Document No. Created: 11.12.15 Page: 1 of 18

ACDIV-2017-01 Modified: 26.01.17 Rev. No.: 0.0

Analytical derivatives of the orbit response matrix and dispersion for LOCO fit

Abstract

This internal report presents the formulas for the response matrix and dispersion derivatives with respect
to the quadrupole strengths. The formulas are valid for the thick quadrupole case. The formulas hold only in
the constant momentum case, the discrepancies with the constant path case are assessed for the ALBA lattice.
These formulas make the LOCO analysis several times faster.

Prepared by: Checked by: Approved by:
Z. Marti G.Benedetti, U.Iriso

Authorship.

Z. Marti

Distribution list

Accelerators Division




ALBA Project Document No: | Page: 2 of 18

ACDIV-2017-01 Rev. No.: 0.0
Record of Changes
Rev. No. Date Pages Description of changes
0.0 11.12.15 All first release

References

[1] J. Safranek, Experimental determination of storage ring optics using orbit response measurements,
Nucl. Inst. and Meth. A388 (1997) 27.

[2] A.Franchi, Analytic formulas for the rapid evaluation of the orbit response matrix and chromatic
functions from lattice parameters in circular accelerators, to be published.

[3] M.Sands, The Physics of Electron Storage Rings, SLAC-121, Stanford University, 1970.

[4] K. Brown, A4 First and Second Order Matrix Theory for the Design of Beam Transport Systems and
Charged Particle Spectrometers, SLAC-75, june 1982.

[5] A.Terebilo, Accelerator Toolbox for MATLAB, SLAC PUB- 8732.

Contents
I 101 (o o 15T (T o IO 4
2 Constant energy uncoupled response matrix quadrupole derivate ..............ccooeviiiiiiiiinn.. 4
2.1 Tune change with the quadrupole strength ... 5
2.2 Beta change with the quadrupole strength ... 5
2.3 Phase change with the quadrupole strength ... 5
2.4 Complete formuUIa .......ooviii e e 6
2.5 Thick quadrupole eqQUAtIONS ..........ouiiiii e e 6
2.5.1 Nophasevariationterms ... 7
252  SINIIKE B Lo e 7
253  C0OS HKE 1IN ot e e 8
I O 1 1=T g (=1 11 PP UPPR 8
2.6 Complete thick quadrupole formula. ..ot 10
2.7 Edge focusing €ffeCt ..o e 11
3 Horizontal plane dispersion quadrupole derivate ............c.cooiiiiiiiiiiii e 11
3.1 The sinus response MatriX derivate ...........coooiviiiiiiiiii e 12
G 302 I 1= o =T (= 0 PN 13
3.3 Complete dispersion derivate formula ... 14
4 Off-diagonal response matrix and vertical plane diSpersion .............ccccoveiiiiiiiniiiiiiiieennne. 15
5 Horizontal plane dispersion dipole derivate ............ccoiiiiiiiiii e 15

B CONCIUSIONS ...t e e e e e 16




ALBA Project Document No: | Page: 3 of 18

ACDIV-2017-01 Rev. No.: 0.0

A Appendix A: Numerical comparison for ALBA ORM ..ot 16
B Appendix B: Numerical comparison for the ALBA dispersion derivative.....................coooene. 17

C Appendix C: Analytical uncoupled constant energy LOCO versus numerical coupled constant
PAth LOCO rESUIS ... ettt e e e e et e et et et e e e e s e e e neans 17
C.1 Random Simulated [atiCES ........ouiuiiii s 17
C.2 Measured data Loco fit differences .........ccoiuiiiiiiii e 18




ALBA Project Document No: | Page: 4 of 18

ACDIV-2017-01 Rev. No.: 0.0

1 Introduction

In the case of the ALBA lattice a LOCO [1] fit takes several minutes. Routinely a LOCO measurement
and analysis is performed every week. Usually that analysis runs twice in the measured data. The first
analysis uses only the available correction knobs, that is, the 112 quadrupoles, while the second analysis
uses also the quadrupole component of the 32 combined function bending magnets as quadrupole cor-
rectors as well. The most time-consuming part in that analysis is the calculation of the orbit response
matrix (ORM) and dispersion change as a function of the fit parameters.

In this internal report we show how we can perform some of such calculations in a faster way. For
example, in the case of the uncoupled response matrix, where the exact formula is well known, the
derivatives of the formula can be calculated instead of the usual numerical differentiation.

In [2], following a different formulation, equivalent results are presented. In that case the formulas
are designed for the ORM fitting algorithm used at the ESRF. The formulas that we are presenting here
shall be implemented in LOCO and apply to the thick quadrupole and dipole case which is essential in the
case of the ALBA storage ring lattice. The next sections are dedicated to show the adequated formulas
for the ORM and dispersion derivatives calculation. In Apendix A, the ORM derivative is compared to
the numerical calculation for the ALBA case.In Apendix B, the dispersion derivative is compared to the
numerical calculation for the ALBA case. In appendix C The performance of LOCO making use of the
above mentioned analytical formulas is compared with the usual LOCO using numerical calculations for
the ALBA case.

2 Constant energy uncoupled response matrix quadrupole derivate

In this case the derivation is based in the closed orbit formula [3]:

Ry = S cos( i~ - 2v), n
where R; ; represents the orbit response at the i — 4 beam position monitor (BPM) for the j — ¢4 corrector
in each plane, f; is the corresponding plane beta function at the BPM, B; is the corresponding plane beta
function at the corrector, V is the betatron tune in the corresponding plane, ; is the corresponding plane
betatron phase at the i — 2 BPM and y; is the corresponding plane betatron phase at the j — ¢4 corrector.
Using the chain rule, its derivative with respect to the k — ¢tk quadrupole reads:

dRi,j . 8Rl-,_,~ dﬁl 8R,-,j d_ﬁ] 8Rl-,_j d_\/ 8R,-,j d,u, 8Rl-,_,~ %
dgr ~ IBi dqx  IB; dqr  Iv dqr W dqx - Iy dqi’

2
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Each of the derivatives with respect to the optical functions 3, u and the tune v are calculated from
equation 1 and are expressed as follows:

IR, B ..
- K ij,1
B 4\/Bisin(nv)
Ry VB
= ; i1
daB;  4\/B;sin(mv)
dRi; 1V BiB;
av 2sin® (v
dRi; /BB
aU; 2sin(mv)

dRi; /BB,

au;  2sin(mv)

) [Cl"jJCOS(TL'V) — S([.Ll' — ‘Llj)Si7j71Sl.I’l(7TV)] (3)

i7j71

i1
In the previous formula, the following definitions have been used:
Cijn =cos(n|; — p;| —nmv)
: “
Sijn =s(li — w;)sin(n|p; — p;| —nmv),

where s() represents the sign function. Each of the derivatives with respect to the quadrupole strength
qr 1s calculated in the next subsections. A comparison with numerical calculations for the ALBA case is
presented in appendix A.

2.1 Tune change with the quadrupole strength

In this case the relation is well known [3]:

d L
av _ 4 M’ 5)
qu 4
The sign is positive for the horizontal plane and negative in the vertical plane.
2.2 Beta change with the quadrupole strength
Also in this case, the well known beta beating formula at any lattice location i is used:
dp; BrL
ﬁl o ﬁlﬂk k Cz’,k,Z, (6)

dgr i 2sin(2mv)

The sign is negative for the horizontal plane and positive in the vertical plane.

2.3 Phase change with the quadrupole strength

Also in this case, there is an explicit formula that can be found in the literature. However, it can also
be directly obtained using equation 6. Here, an small demonstration follows. The phase advance can be
calculated from the beta function as:

w= [ )
"o BG)
hence, its derivative with respect to the quadrupoles value:
du; ZidB(t) dt
i _ / - ®)
dqi o dax B(1)
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and now, using equation 6, it can be written as:
du; BriLi Zi dt
=t— 21u(t) — | —27v) . 9
dqr ~ ~ 2sin(2mv) /0 cos(2{H () = ] nv)ﬁ(t) )

Using again equation 7 we can change the integration variable:

di BrLy i
::l:i 2 o _2 '
dqp 25in(277:v)/0 cos(2|u — | —2mv)du (10)

This integral can be solved. First we should notice that:

d [s( — )sin(2|p — p| —27v)]
dz

=26(1 — py)sin(2|p — pe| —27v) + 2cos (2| — | — 2mv), (11)
where () represents the Dirac’s delta function. Integrating the previous equation and isolating the term
that also appears in equation 10 we obtain:
Ui s(z—zp) . Hi .
/ cos(2|u — p| —2mv)dz = Tsm(zl lz—zo|+22)| +0O0(— wk)sin(2nv),  (12)
0 0

where 6() is the Heaviside’s step function. Then equation 10 also reads:

dp; BeLx s(U— M) . Hi '
- 21 = bl =2 - 27v) | 13
dgr ~ ~ 2sin(2mv) { [ 5 sin(2 — el —2mv) . + 6( — Wi)sin(27v) (13)
Finally, we obtain:
dpi + BrLk [Sik2+sin(2uy —2mv) + 26 (u; — uy)sin(2mv)], (14)

dgr ~ 4sin(2mv)

which, as usual, changes sign in the vertical plane. Notice that by substituting u; by 2zv and i by 0 in

equations 14, one can recover equation 5. Also, notice that the second term not containing u; terms will

be canceled out once added up in equation 2 with the similar term from %.

2.4 Complete formula
We can include the above equations in a single formula, which results in the following expression:
dRi,j _ \ BiBjBkLk
dqy 8sin(mv)sin(2mwv)
+8ij1 [Sika = Sjx2 +sin(2mv)(20 (W — ) — 20 (1) — 1)) — s(ki — 1)),

where the sing is negative for the horizontal plane and negative for the vertical plane.

Ciju [Cisa +Cjaa+2cos* (nv)] s

2.5 Thick quadrupole equations

Equation 15 is only valid for thin quadrupoles. The formula can be modified to make it valid for tick
quadrupoles. Regarding the variation of the Twiss functions inside the quadrupole, three types of terms
in equation 15 have to be considered:

1. No phase variation terms: ;L

2. Sin like terms: BiLy sin(2)
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3. Cos like terms: Ly cos (2 )
4. Other terms: BiLySki2 or BeLiCri2

In the following subsections, the different terms modifications will be solved for a thick focusing quadrupole.
The generalization to defocussing quadrupoles and combined function bending magnets can be done a
posteriori. In the case of the defocussing magnet the quadrupole strength g, must be substituted by —gy
and hence sin(,/qx)//qx is substituted by sink(/qr)/+/qx - sin and cos terms do not appear explicitly

in equation 15, but they are very useful to calculate the other more convoluted terms.

2.5.1 No phase variation terms

This term appears in equation 5 and 14. In this simplest case, the effective beta function should be used.
The following substitution should be done:

Ly
BkLk — Ik,O = /0 ﬂk(z)dz (16)

For a thick focusing quadrupole, the transfer matrix along the quadrupole is the following:

Algeslo) = | W@ sin(VaR)/Vai | 17)
—\/qrzin(\/qxz) cos(\/qkz)

The Twiss transfer matrix can be obtained from the transfer matrix and allows to express analytically the
beta function variation inside the quadrupole:

Bi(2) cos? (\/cﬁz) — % sin? (\/cﬁz) /qx Br
oz | = | 3 sm(2\/—kz) cos(2./qxz) —ﬁsin(%/ﬁz) oy | - (13)

%(2) qesin®(/qkz)  /qrsin(24/qiz) cos? (\/qxz) Yk
Here, by convention, when optics functions S, o4, & or u; have no explicit dependency with position,
they have the value at the beginning of the k — ¢/ element. In particular, the beta function variation along
the quadrupole reads:
Be %

O .
Br(z) = a0 + [— - 2—%] cos(2/qiz) — \/ﬁsm(Z\/q_kz) (19)

Notice that it is coherent with the aforementioned convention since from the previous equation, we

ﬁk+

find that B;(0) = Br and B;(0) = —204. Using the previous equation, the integral /; o can be calculated:

in(2 L
]k,O = [% + 2L;k:| Li+ [% - 2L;k:| % + % [COS(z\/q_kLk) — 1] (20)

2.5.2 Sin like term

This term does not appear explicitly in the equation 15, but it is useful for some of them, for example
when integrating the Bi(z)S; x> term. The following substitution should be done:

BiLisin(2(ui(2) — ) — sz = ﬂk< )sin(2(te(2) — )z, @)
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where again, when the z dependency is not explicit it indicates the value at the beginning of the quadupole.
In order to solve this integral, the general transfer matrix expression can be used:

A(k,s|0) =
% (cos(Uk(z) — wr) + ogesin(Ux(z) — Ux)) vV Bi(2) Brsin(p (z) — i)
g on ) — ) — i (2) — ) /gl (cosliel2) — ) — e sintyu () — .
2

which matching the A(k,s|0);; and 4(k,s|0); » terms with equation 17 gives the following result:

) — = ! sin z
Bi(z)sin(w(z) — te) N (Vaxz)

(23)
Oy .
Br(z)cos(ux(z) — k) = / Breos(/qiz) — sin(\/qxz),
v 9k P
The previous equations are useful to calculate integral X ; since:
Lk
sz = [ 2Bl sin((1a(2) = ) eos((2) — )z e
After few algebraic manipulations, the previous integral can be expressed as:
1 O Sin(z\/q_kLk)
Lisr = — [1 —cos(2\/qiLy) + —(—————= —2L;) | - 25

2.5.3 Cos like term

This term does not appear explicitly in the equation 15, but it is useful for some of them, for example
when integrating the Bi(z)Cj 2 term. The following substitution should be done:

BrLicos(2(tx(2) — i) — Ikep = OLk Bi(2) cos(2(pk (z) — px) )dz, (26)

where again, when the z dependency is not explicit it indicates the value at the beginning of the quadupole.
We can rewrite the previous equation as:

Ly
hea = [ Bu(e) [1 = 2sin(e(2) — )]z

Ly
—lo=2 [ Bele)sin’ (e(z) — )z
Making use of equation 23, the following equation can be solved:

1 [sin(2\/q_kLk)
aiBr 2./qx

27)

Iien =Iro+

— L. (28)

2.5.4 Other terms

In equation 15, the following terms appear:
Ly
BiliSisa — Tis2 = [ Bule) st el2))sin2lp — ()] — 2mv)dz
Lk
ﬂkLkCl"kQ — ri,k,Z = /0 ﬁk(z) COS(2’,LL,' — ,le(Z)‘ — 27'L'V)dZ (29)

Bl O (Ui — px) — Ajgp = OLk Bi(2)0 (1 — ui(z))dz.
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The integrals in the previous equations can be solved using equations 25 and 28. However, we should
treat the case when i = k separately. Although this may seem an unlikely case, as we will see further in
the text, it needs to be considered.

2.54.1 Casei#k
First we should notice that:

i > We(2), i sin(2(1; — ) — 2mv)cos(2(y (2) — x))

s — p(2))sin(2|; — i (2)| — 27v) = —cos(2(1j — ) — 27mv)sin(2 (1 (2) — k) (30)

(2(
W< () e —sin(2(a — ) — 27v)cos (21 (2) — )
—cos(2 (g — i) — 2V )sin(2(ue(2) — 1))

where ; has been included as the phase at the beginning of element £. That definition allows us to
combine the two cases as follows:

(1t — (=) sin(21 s — ()| — 270v) =s (s — e )sin(2lpt; — pte] — 270v)eos(2(ue () — )

: €2))
— cos (2| — | = 27v)sin(2(pi (2) — i),
which in our previous notation reads:
Sizi2 = Sik2cos(2(Ur (2) — ) — Cixasin(2(Ue(2) — M), (32)
Similarly, with the second term in equation 29, we have:
Wi > We(2), i cos(2(i — ) — 27v)cos(2(ke (2) — k)
COS(2|‘UZ' - k(z)| _277:\/) — +sin(2(yi—yk)—Zﬂv)sin(Z(uk(z)—yk))’ (33)
Wi < (), e cos(2(y — i) — 27V )cos (2 (2) — Hx))
—sin(2(W — i) — 27v)sin(2(tu (2) — k)
which again can be simplified as follows:
Cizp = Cig2c08(2(x(2) — i) + Sk 2sin(2 (e (2) — te)), (34)

After these algebraic manipulations, the integrals in equation 29 can be rewritten in terms of I o, I s and
Ik,c:

Zik2 = lke2Sik2 — ks 2Cik

Cik2 = lke2Cikp +Lis2Sik2 (35)

Aikr =IO (W — W),

2542 Casei=k
In this special case, integrals in equation 29 become:

Ly
k2 = ; Bi(z) s(px — 1 (2))sin(2| . — i (z)| —27mv)dz
Lk
Tika = | Belz)cos(2us — pe(z)| — 2v)dz (36)

M= [ B0~ )
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Since by definition g (z) > L, the previous equation becomes:

Lk
Ser2 = — /0 Bilz) sin(2(ue (z) — ) — 270v)dz
Ly
Teka = | Belz)cos2((z) — ue) — 2mv)dz
A2 =0.
Expanding the sin and cos terms in the previous equations we get:

Ek,k,2 = ]k7c’2Sin(27'L'V) — Ik7s,2cos(27rv)
Tigo = Ik c2c08(2nV) + I s 25in(2mV)
Ak,k,z =0.

2.5.4.3 All cases

(37)

(38)

Notice that the result from equation 38 does not correspond with equation 35 evaluated at i = k. While
Crx2 = cos(2mv), the other terms do not match because s(0) = 0 and 6(0) = 1. A compact formula

including both cases can be achieved if we consider the following modified sign and theta functions:

x>0 1

and

x<0 0

With the previous definitions, the solution for equation 29 valid for all cases is:

Sik2 = IkenSiks — lrs2Cika
Tik2 = lieoCika + Iis2Siko
Aiko = IO (1 — ),

where S, = S — p)sin(n|; — | — nzv).

2.6 Complete thick quadrupole formula

Starting from equation 15, using the definitions from the previous subsection, we obtain:

dRij _ vV BiB;

dgp ' 8sin(mv)sin(2mv

) [Cijit [Tik2+Tju2+ 21k,ocos2(7rv)]

+Si7j71 [Ei’k’z — zj,k,Z +Ik70sin(2nv)(2§(u,- — [.Lk) — 2é(uj — [.Lk)) — S(,ul' — u])]] s

(39)

(40)

(41)

(42)

where the negative sing corresponds to the horizontal plane ORM and the positive sing applies in the

case of the vertical ORM.
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2.7 Edge focusing effect

For combined function dipoles the previous formulas can be applied to the hard edge model with some
precautions. Fist of all, in the horizontal plane the previous formulas have to be modified in the following
way:

1
Gkx = gk + F7 (43)

where p is the dipole radius of curvature. Additionally, according to [4], since the thin lens version of
the dipole’s edge element transport matrix reads:

Xend _ 1 0 Xstart
X c 1 X,
end X start (44)
Yend _ 1 0 Vstart
yénd C)// 1 y(s*tart
where:
ol tan(E))
g (45)
Lineg(1+sin” (1))
o tan(El — pcos(Er) : )
v p )

where E7 is the entrance edge angle, I, is the so called fringe field integral and g is the dipole gap.
Hence, the dipole’s edge element Twiss functions transport matrix reads:

Bx.ena 1 0 0\ [Brstar
Oend | — —C. 1 0 O start
Yeond €2 =200 1) \Vestan o)
By.end 1 0 0\ (Bysar
Oyend | — —C}/; 1 0 Oy start
Vrend 2 —2C, 1) \Wstar

Therefore for our calculations, the Twiss functions at the beginning of a bending magnet have to be
substituted according to the following rule:

Yed F— Yok + BerCF — 2064Cy
O j — Oy — ﬁx,kcylc
Fok = Yok + BuaCy —200,4C,

/
i — Oy — ByiC,

(47)

3 Horizontal plane dispersion quadrupole derivate

The horizontal dispersion is originated in the dipoles (here with index ;) and can be expressed analytically

i = g 5 ) Beeleos s e () - @9)

as follows:
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where £; is the dipole’s curvature. Within this section all functions will refer to the horizontal plane,
the x subindex will not be made explicit. This time the integral along the dipole’s field has been left
explicit since, as shown in the previous section, the Twiss functions have a pronounced variation inside
the ALBA dipoles. Notice that equation 48 can be integrated similarly to the thick quadrupole formula

Lj
i i — Wi —nv)d :]‘c Cl“ +I‘S Sl“ s 49
/B Eleos(li— py(2)| = wV)dz = i Coso + LS )

where the following definitions, have been used:

ol VB o [cos(\/gjL;) — 1]
ea = [ B cos((uy(2) = )z = sin( i)+ =2 o
Li cos(,/q;L;)—
UNEA\M#WMM@—WW”:‘ 2@; .

These equations are integrated thanks to equation 23. Notice that here since we are considering dipoles

in section 2.5:

in the horizontal plane: g; — g, + hﬁ . Also we must keep in mind that f3; corresponds to the horizontal
beta function at the beginning of the bending magnet but after having applied the edge effect. Equation

Zh (]¢1R1]+ ;17},_1‘)7 (51)

48 can be rewritten as:

1j,e,1 A‘ — [j.s,l

ﬁv J,s,1 = ﬁv

of it (let us call it sinus response matrix):

where [; .1 = R; ; is the response matrix as in equation 1 and 7; ; is the sinus version

VB (52)

= 2sin(mv) Bl

The reader should bear in mind that, in this section, the subindex j, unlike equation 1, refers to each one
of the bending magnets starting longitudinal position. Now equation 51 can be derived respect to the
quadrupole strengths by simply applying the chain rule:

dnxl (d]]cl deSl 2 dRz'.j 2 dT;])
= ij T T +I‘c. =+ 15, 7 . 53
dqr ; 7 dgy T ldg T dgy 53)

The term u{;‘ 2 in the previous equation was already derived in section 2. The ” + term can be derived in a

similar way, this will be done in the next subsection. The other terms pendmg to be derived are dbll/ =L and

di{ <L those will be addressed in the second subsection. A comparison with the numerical calculations is

presented in appendix B.

3.1 The sinus response matrix derivate
Equation 52 derivate can be taken similarly to equation 2:

dli; dTi;dpi  dT,;dB; 0T, dv  dT;dw  IJTi;du;
dgr ~ IBi dqr ~ 9IB; dgr ~ Ov dqr  Ou; dgr  Ju; dgi’

(54)
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Each of the derivatives with respect to the optical functions 3, u and the tune v are calculated from
equation 52 and are expressed as follows:

Ihj_ VB o
- . 17]71
IBi  4\/Bisin(nv)

ITi, VB S: .
dB; ﬂjsin(n'v) bl

Oj_ v )[Ulcos( V)48t — 1,)Coy 1 5in(zv)] (55)

v 2sin? (

QTZ-J / \/
dU;

aT,j / VBB
ou; b= 25m

111

The last two lines in the previous equations contain the Diract’s delta function which takes infinite value
at W; = u;. However, the contribution of the two terms from the two last lines cancels out. Combining
equation 55 with equations 5, 6 and 14 we obtain the derivate of the sinus response matrix respect to thin
quadrupole strengths.

ati; / BiBiBiLk

= Si i1 ]G C; 2cos?
dqy $8sin(n’v)sin(2n’v)[ "j’l[ 2+ Cjka T+ 2cos (nv)]

(56)
+Cij1 [Sika — Siko +sin(2mv) (20 () — ) — 20(1; — 1)) + (1 — 1) ]]
The thick quadrupole version reads:
dl;; v BiB; 2
= = Sl' i Fl‘ T 21
dqy 8sin(mv)sin(2mv) [Si:1 [Tiez + ez +2lkocos” (nv)] (57)

+Cij1 [Zjk2 — Zika + Teosin(2mv) (20 (1 — ) — 20 (1 — i) +s(ui — )]

3.2 The other terms
dI/L |

We still need to take the derivatives dl;s

dq . The term with I .1 can be calculated using the chain

rule again:

dljsr _ OLsidp;  Oladg; __cosaL) =1 BiBile o . 9L
dqy dB; dqr  dq; dqx q_jﬂf 2sin(2mv) 7" dq;

6j,k ; (5 8)
where, the horizontal plane sign has been taken and 0, is the Kronecker’s delta which will only con-
tribute when the quadrupole index corresponds to a bending magnet. The thick quadrupole form is:

dij,x,l _ 7 1—‘j,k,Z a],_\j,s,l
dqy Jsl 2sin(2mv)  dg;

Oj - (59)

The term with / ' 1 1s slightly more complicated since it implies taking the derivative of the o; function:

dljcr _ Olicadp;  Ilieidoy  Ilcidq; (60)
dqy dB; dgx  doy dgr  dq; dgx




ALBA Project Document No: | Page: 14 of 18

ACDIV-2017-01 Rev. No.: 0.0

The a; term can be solved since:

e At ot I 1
dqy. 2ds; dqx 61

Combining the previous equation with the horizontal plane case (minus sign) of equation 6 we obtain:

daj BjBkLk PPk oo (62)
dqy. 2 dsj 2sin(2mv)
which after some algebra becomes:
doy BeLi
— =———10,C; Sik2l- 63
Now we can express analytically the contribution of the f i1 derivative:
dljc. _ % [cos(@iLj) = 1] BiLs Cois
dai 4B 2sin(2v) o
cos(\/q;Lj) =1 PiLy Al cn
— o:C: S 255
;B 2sin(27v) [ Cik2 .J,k,ﬂ + 2q; ko
which can be simplified and for the thin quadrupole case becomes:
dij ol ﬂkLk i 8I] ¢l
—— = S; 0 65
dqy 2Sin(27rv) R - dq; ko (65)
while in the thick quadrupole case it is written as:
Ticn  1is1Z) I
d]-ﬁal — ]7.571 J.k,2 d Jy¢,1 6j,ku (66)
dqy 2sin(2mv)  dg;
3.3 Complete dispersion derivate formula
Grouping all results together in the thick quadrupole case, equation 53 it becomes:
i _ [9lken Coit s g | 1/ Bibr
dqy aqi bl aqi bl 2sin(mv)
hiv/BiB; .
- Z [l [Cijut [Tika + Tz + 2 gcos’ (nv)]
8sin(mv)sin(2mv) (67)

+Si,_j,1[ ik2 — Zjk2 + leosin(2mv) (20 (u; — ) — 20(1; — 1) — s(u; — 15))] ]
+jj,s,1 [Sz',j,l [Fi,k,Z — T k2+ 2l ocos ( )]
(2

+Cija [=Zjk2 — Zikz + Ieosin(2mv) (26 () — px) — 20 (1 — ) + s — 1)) ]]] -

Where the first two terms only contribute when the quadrupole field number £ is also a bending magnet
and Ay # 0. Next, we make those two terms explicit:

Uisa _ 1 [sin(yTiLy), . cos(y/giLj) —1

g 4Bl 2ya q; )
aik,c,l COS(\/C]_ij) Sin(\/q_jl‘j) ailc,s,l
= L;— — 0
Iqx 2q; 2q§/ 2 Gy
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4 Off-diagonal response matrix and vertical plane dispersion

A Franchi [2] found an expression for the off-diagonal response matrix and vertical plane dispersion

change as a function of the skew quadrupole strengths. In the next sections we will make use of that
(%)

same formulas which we repeat here just for completeness. First, the off diagonal response matrix R;;

and Rgx> derivatives are:

de(;cy) 1 1 cos(Tuki — Tyki + Tyij)  €oS(Toki — Tyki + Tuij)
d— fig Bi,xBi,yBk,ka,y X X - X
Sk sin[m(Ox — 0))] sin(rQy) sin(nQy)

i | [cos(rx,k,- + Toki — Tij) | COS(Tegi + Toki + Teij) ] ]
sin[m(Qx + Q)] sin(wQy) sin(mQx)
drYY | 1 coS(Tepi — Tyki — Trij) . COS(Tupi — Tyki — Tyij)
ij L . . . x, ki v, ki X,0] X,K1 VKL V:1]
dSk -3 ﬁl,yﬁl,xﬂk,xﬂk.y I:Sii’l[ﬂ'(Qx — Qy)] [ Si}’l(TL'Qx) + Sil’l(TCQy) ]
o 1 [cos(fxﬁ + Tk — Teij) | €OS(Tupi + Tyi + Tyij) ] ]
sin[(0x + O] sin(mQy) sin(nQy) ’

(69)
where s; represents the k — th skew quadrupole strength and 7, ;; and 7,,;; are phase advance differences
defined as follows:

.ua_.ub_TCQz if.ua>.ub

Trab = Z=X,y (70)

Mo —Up +70;  iflly > Uy

Also, according to reference [2], the vertical plane dispersion derivative is expressed:

dny,i Y ﬁy,iﬁy,k

dsgy  2sin(mvy)

Nxecos(Tyik), (71)

In the case of the skew magnets, the thick magnet formula has not been used. At ALBA those magnets
are quite thin and are located at places where the optical functions vary quite linearly. Hence, it is enough
to use the average of the optics functions.

S Horizontal plane dispersion dipole derivate

LOCO does not considers the dipole curvature as a fitting parameter for the dispersion. However, as
becomes clear inspecting equations 48 and 51, there is a close relation between the dipole’s curvature and
the dispersion function. In this section the analytical derivate of the dispersion with respect to the dipole’s
curvature is compared to the numerical results. Again, we will consider only the thick quadrupole case.
Once more we use the chain rule to evaluate the derivate of equation 51:

dNei _ OMwi | ONeidoy  INyidg;
where the first term is much more important than the others. Using equations 43 and 47 the following
indirect dependencies are derived:

(72)

dOCj
) _B. E
dh; Bjtan(E1)

dq;
=4 —op;.
dh;

(73)
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Hence all three terms in equation 72 can be written in terms of already known expressions:

aT'x.i 2 2
ahj’ =l c1R;j+ 11T
INy; doy; cos(\/q;L;) — 1
_1 :—h‘Rl‘ it E)————
aOCj dh] T an( 1) qj (74)
Ny dg; iy alj,c,lR' . Al T
8qj dhj J qu' b qu h

6 Conclusions

An explicit and analytical form of the ORM and dispersion function derivatives has been calculated.
This allows to implement it in the LOCO code that performs the fit, replacing the numerical assessment
used by the standard version of LOCO. The LOCO fit procedure has been made faster by a factor 4 by
replacing the numerical coupled constant path (NCCP) simulations by the analytical uncoupled constant
energy (AUCE) expressions. In particular, the LOCO fit included in the ALBA weekly startup procedure
will take 2 min instead of 8min. The simplifications in the formulas have an impact below at the 10~*
level in beta beat and quadrupole strength corrections. For our purposes, the present level of agreement
is satisfactory and the new LOCO script will be used in the ALBA storage ring weekly setup procedure.

A Appendix A: Numerical comparison for ALBA ORM

For the numerical comparison we will use the Matlab based tracking code AT [5] . The analytical
calculation of the response matrix derivative with respect each to each one of the 112 quadrupoles and
the 32 combined function bending magnets using equation 2 takes 0.7 seconds. On the other hand,
calculating the numerical difference of two response matrices having changed one quadrupole takes
0.4 seconds. Hence the analytical method is potentially 32 times faster. As stated previously, the case
described so far includes only constant energy calculations. The error associated to that simplification has
been numerically evaluated for the ALBA case, and corresponds to a 0.28% rms error in the horizontal
plane while in the vertical plane there is no significant effect. Next the previously described formulas
will be compared with numerical constant energy simulations. Since, at ALBA, the beta functions in the
combined function dipoles have a pronounced hyperbolic variation, those cases will be treated separately
from the rest of normal quadupoles.

Hor.Plane Vert.Plane
ORMS error thin thick thin thick

quads | dipoles | quads | dipoles | quads | dipoles | quads | dipoles
whitout coupling | 1.18% | 10.72% | 0.00% | 0.00% | 1.67% | 1.21% | 0.00% | 0.00%
0.5% coupling | 1.18% | 11.03% | 0.04% | 1.14% | 1.74% | 1.45% | 0.40% | 0.28%

Table 1: ORMS error of equation 15 and 42 respect to the numerical constant energy response matrix derivate.
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B Appendix B: Numerical comparison for the ALBA dispersion deriva-
tive

This time, only the thick quadrupole case (equation 67) is considered. The results have been compared to
the constant energy 4D simulations. The ORMS difference of the 4D simulations respect to the constant
frequency 6D simulations is 0.28% both with and without coupling. Since, at ALBA, the beta function
in the combined function dipoles has a pronounced minimum, those cases will be treated separately from
the rest of normal quadupoles.

ORMS error quads | dipoles
whitout coupling | 0.04% | 0.05%
0.5% coupling | 0.22% | 2.00%

Table 2: ORMS error of equation 67 respect to the numerical constant energy dispersion derivate.

C Appendix C: Analytical uncoupled constant energy LOCO versus nu-
merical coupled constant path LOCO results

The thick quadrupole analytical formulas described so far have been used to speed up the LOCO response
matrix and dispersion derivatives calculation.

The analytical uncoupled constant energy (AUCE) formulas assume neither there is any change of
the off-diagonal response matrix with respect to the quadrupoles strengths, nor that there is any change
of the diagonal response matrix with respect to the skew quadrupole strengths. Also, the AUCE formulas
do not take into account the constant path corrections that are due in electron machines as ALBA.

In this section the fitting results using such formulas are compared to the numerical coupled constant
path (NCCP) LOCO method. In the next subsections the LOCO fit is compared on 60 simulated lattices
and also on 20 real measurement data sets. In the case of the simulated lattices, the fitted machine
functions can be compared to the simulated ones. In the case of the measurement data sets, the NCCP
LOCO fits are compared with the AUCE LOCO fit.

C.1 Random Simulated latices

For the comparison 60 simulated LOCO measurements have been used and the fit result has been com-
pared to the modeled machine functions. Several LOCO fitting schemes have been used: the quadrupole
part is fitted with the 112 quadrupoles (112Q) or also using as a fit parameter the quadrupole strengths of
the combined function dipoles (112Q+32D). The skew part has been fitted using the 32 available skew
magnets (32S) or using the 120 sextupoles as coupling sources (120S). In each case, 5 fit iterations are
used. The fitting algorithm used was the scaled Levenberg Marquardt with A = 0.05.

Dispite the AUCE approximation, as table 3 shows, the LOCO fit agrees remarkably well with the
NCCP LOCO fit. This is not very surprising since a small error in the derivatives as shown in tables 2
and 1 is washed away in the iterative LOCO process. Regarding the total LOCO evaluation time, using
the analytical formulas only reduces a factor 3 or 4 improvement. The improvement is small compared to
the calculation time difference between the formulas and the numerical simulations. However, the total
LOCO fit time includes other tasks like the the LOCO matrix SVD calculation or the fitting structure
construction.
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ORMS error wrt simulation 112Q 112Q+32D
328 1208 328 120S
AUCE | NCCP | AUCE | NCCP | AUCE | NCCP | AUCE | NCCP
AB./ B [%] 1.55 1.54 1.55 1.54 0.92 0.91 0.92 0.92
AB,/By[%] 2.47 2.47 2.47 2.47 1.00 0.99 1.00 1.00
ANy /Nx[%] 1.03 1.02 1.03 1.02 0.66 0.66 0.66 0.66
Any[mm] 0.91 0.92 0.30 0.35 0.91 0.91 0.29 0.29
Ag, /£:[%] 0.02 0.02 0.01 0.01 0.02 0.19 0.01 0.01
AB[mrad| 5.67 5.70 2.90 2.97 5.62 5.64 2.81 2.80
Ak guad [ kquaa o] 0.03 0.03 0.01 0.01
Elapsed time [min] 3.69 | 10.09 | 4.60 | 1648 | 4.13 | 11.77 | 5.07 | 18.11

Table 3: LOCO fit ORMS error for various quantities, for the AUCE and NCCP cases. In both cases the fit result
is compared with the model machine functions at every lattice element. Also the quadrupole fit parameters and the
total LOCO analysis time are compared.

C.2 Measured data Loco fit differences

In this chapter the differences between the AUCE and NCCP LOCO fits to 20 measured data sets are
listed. The data sets where acquired from 09/05/2016 to 31/10/2016 as part of the ALBA routine startup
procedure. For each case two fitting parameters schemes are used: 112Q+32S and 112Q+32D+120S as

during the startup procedure. Table 4 shows a very good agreement for all the machine functions of the
two LOCO fits. The typical CPU time for the NCCP LOCO fits is 8min while for the AUCE and NCCP

LOCO fits is 2min.

ORMS difference | 112Q+32S | 112Q+32D+120S
ABy/ B [%] 0.03 0.05
AB,/ By [%] 0.02 0.04
ANy /Nx[%] 0.44 0.78

Any[mm] 0.03 0.06
Ag, /(%] 0.00 0.00
AB[mrad] 0.26 0.33
Ak guad [ kquaa [%0] 0.00 0.01

Table 4: LOCO fit ORMS difference.




